Abstract. We give complete geometric invariants of cobordisms of framed fold maps. These invariants consist of two types. We take the immersion of the fold singular set into the target manifold together with information about non-triviality of the normal bundle of the singular set in the source manifold. These invariants were introduced in the author's earlier works. Secondly we take the induced stable partial framing on the source manifold whose cobordisms were studied in general by Koschorke. We show that these invariants describe completely the cobordism groups of framed fold maps into R n . Then we are looking for dependencies between these invariants and we study fold maps of 4k -dimensional manifolds into R 2 . We construct special fold maps which are representatives of the fold cobordism classes and we also compute cobordism groups. We obtain a Poincaré-Hopf type formula, which connects local data of the singularities of a fold map of an oriented 4k -dimensional manifold M to the signature of M . We also study the unoriented case analogously and prove a similar formula about the twisting of the normal bundle of the fold singular set.
Introduction
Let n ≥ 1 and q ≥ 0. A smooth map f of an (n + q)-dimensional manifold M into R n is called a fold map if it can be written as f (x 1 , . . . , x n+q ) = x 1 , . . . , x n−1 , n+q i=n ±x 2 i in local charts around a singular point p ∈ M and critical value f (p). Fold maps are natural generalizations of Morse functions, and play a basic role in the theory of singular maps. For example, it is always possible to deform any map of a greater than 2 dimensional closed orientable manifold with even Euler characteristic into R 2 to obtain a fold map, see [Le65] .
Given an f : M 2+q → R 2 fold map, the singular set of f , i.e. the set of points in M where the rank of the differential of f is less than 2, is a 1-dimensional submanifold of M . A fold map, which we always assume to be in generic position, restricted to its singular set is a generic immersion. In the case of q odd, Chess [Ch80] found a relation between the number of double points of this immersion, the twisting of the normal bundle of the singular set in M and certain Stiefel-Whitney classes. Namely, let k ≥ 1 and f : M 2k+1 → R 2 be a fold map of a closed orientable manifold. Then t(f ) + τ (f ) ≡ 0 mod 2 if k is odd, w 2 w 2k−1 [M 2k+1 ] mod 2 if k is even.
Here w i denotes the ith Stiefel-Whitney class, t(f ) denotes the number of double points of the immersed singular set of f in R 2 and τ (f ) measures how non-trivial the normal bundle of the singular set of f in M is, for the precise definitions, see Section 3.1 of the present paper.
In [Ch80] this result is called a Poincaré-Hopf type theorem because it relates some topological property of a (4k + 1)-dimensional manifold M to the local behavior of its map into R 2 (which of course corresponds to some local behavior of some vector fields on M ).
In the present paper, we look for this type of results in the case of 4k -dimensional manifolds. We obtain Theorem 1.1. Let k ≥ 1 and f : M 4k → R 2 be a fold map of a closed oriented 4k -dimensional manifold. Then
Here σ(M 4k ) denotes the signature of the closed oriented 4k -dimensional manifold M 4k . The invariants t and τ are again the number of double points of the immersed singular set and the twisting of the normal bundle of the singular set of a fold map.
Note that by [Le65] the manifold M 4k has a fold map into R 2 if and only if the Euler characteristic of M 4k is even. A corollary of Theorem 1.1 gives the condition for fold maps when the signature of M 4k is divisible by 4. Corollary 1.2. Let k ≥ 1 and M 4k be a closed oriented 4k -dimensional manifold. Then the following are equivalent.
(i) The signature σ(M 4k ) is divisible by 4.
(ii) There is a fold map f : M 4k → R 2 such that t(f ) ≡ τ (f ) mod 2. Each of these implies that for any fold map f : M 4k → R 2 we have t(f ) ≡ τ (f ) mod 2.
In the non-orientable case, we have Theorem 1.3. Let k ≥ 1 and f : M 4k → R 2 be a fold map of a closed (possibly nonorientable) 4k -dimensional manifold. Then
Again, for the precise definitions of the invariants τ 1 and τ 2 , which measure the twisting of the normal bundle of the singular set of a fold map, see Section 3.1.
We obtain Theorems 1.1 and 1.3 by considering cobordisms of fold maps (see Definition 3.1). It is well-known that two closed manifolds are cobordant if and only if the corresponding Stiefel-Whitney numbers (and Pontryagin numbers in the oriented case) coincide. We have the notion of cobordism of singular maps [Sz79, RS98] , and if there are two given maps, one can ask about easily applicable necessary conditions, namely cobordism invariants, to be cobordant. Fold maps restricted to their singular sets are immersions, and we introduced and used geometric cobordism invariants of fold maps in [Ka08a, Ka09a, Ka09b] in terms of these immersions with prescribed normal bundles which describe the image of the fold singular set in the target manifold together with more detailed informations about the "twisting" of the tubular neighborhood of the singular set in the source manifold (we summarize these results in Section 3.1.). More precisely, the fold singularities (x 1 , . . . , x n+q ) → x 1 , . . . , x n−1 , Roughly speaking this Morse singularity is a map φ : R q+1 → R and has a symmetry group G λ acting on R q+1 and R, respectively. The singular locus S λ of a fold map f : M → R n consisting of fold singular points with λ many "−" signs is an (n − 1)-dimensional submanifold of M and the normal bundle of the immersion f | S λ : S λ → R n can be induced from the line bundle l 1 λ → BG λ which we get by taking the action of G λ on the target R of the Morse singularity φ. By assigning this immersion to the fold map and by looking at cobordisms, we get a homomorphism ξ λ mapping from the cobordism group of fold maps into the cobordism group Imm l 1 λ , n , which denotes the cobordism group of 1-codimensional immersions into R n whose normal bundles are induced from l 1 λ . These homomorphisms ξ λ are the geometric cobordism invariants which we introduced in [Ka08a, Ka09a, Ka09b] .
In this paper, we define further invariants which describe the cobordism class of the source manifold together with its mapping away from the singular set as well. Namely, for a given fold map, we take the stably framed cobordism class of its source manifold (see Section 4), which notion was studied in general by Koschorke [Ko81] . More precisely, on the source manifold of a fold map f : M n+q → R n with oriented singular set we obtain a stable (partial) framing simply by pulling back the parallelization of the tangent space T R n by the modified differential df + α : T M ⊕ ε 1 → T R n , where α : ε 1 → T R n is just a homomorphism having full rank near the singular set of f and consequently df + α is an epimorphism, see Section 2.1. Looking at the cobordisms of these stable framings, we obtain our homomorphism σ n,q which maps the cobordism class of the fold map f into the cobordism class of the stably framed source manifold M n+q .
Finally, by using a result of Ando [An04, Theorem 0.1] about the existence of fold maps, we show that our invariants give complete cobordism invariants of (framed) fold maps (see Definition 3.2, Theorem 5.1, Corollary 5.2).
Namely, for n > 0, q ≥ 0, let us denote by ℑ n,q the homomorphism σ n,q , ξ 1 , . . . , ξ ⌊(q+1)/2⌋ , which maps the cobordism class of a (framed) fold map into the direct sum of the cobordism group of stably framed manifolds and the groups Imm l 1 λ , n for 1 ≤ λ ≤ (q + 1)/2 as described above.
Then we obtain the following result.
Theorem 1.4. The homomorphism ℑ n,q is injective.
It is important to note that Theorems 1.1 and 1.3 and also the result of [Ch80] show dependencies between the cobordism invariants ξ 0 , . . . , ξ ⌊(q+1)/2⌋ and σ n,q .
We prove Theorem 1.4 by applying the h-principle of Ando [An04] in a short and simple way. We have the analogous results when we consider orientations on the manifolds and on the cobordisms as well. When we arrive to applications and computations, what simplifies everything is that the line bundles l 1 λ are in fact trivial bundles in almost all of the cases. For example, we obtain Theorem 1.5. For k ≥ 1, the cobordism group of fold maps of oriented 4k -dimensional manifolds into R 2 is isomorphic to
where Ω 2|χ 4k is the cobordism group of closed oriented 4k -dimensional manifolds with even Euler characteristic.
For the unoriented case, we have Theorem 1.6. For k ≥ 1, the cobordism group of fold maps of 4k -dimensional manifolds into R 2 is isomorphic to
where N 2|χ 4k is the cobordism group of closed unoriented 4k -dimensional manifolds with even Euler characteristic.
To prove our Theorems 1.1 and 1.3, we also construct representatives of the generators of these cobordism groups of fold maps. In the case of Theorem 1.5, the direct summand Z 4k−2 2 is generated by the classes of such fold maps which are Morse function bundles over immersed 1-dimensional manifolds in R 2 . In [Ka08a] we introduced these Morse function bundles to detect direct summands of the cobordism groups of fold maps into R n . We recall these results in a detailed form in Appendix in the special case of n = 2. To find representatives of generators of the direct summand Ω 2|χ 4k , we need two things. At first, we apply [AK80, Theorem 3] to get fiber bundles over S 2 which we map then into R 2 by constructing some fold maps. The invariants t, τ and the signature of the source manifold are typically zero for these maps. Secondly, we construct a specific fold map f C : CP 2k #CP 2k → R 2 , which we use to get more non-zero values for τ and the signature.
In the case of Theorem 1.6, the direct summand
is generated by the classes of Morse function bundles and the map f C similarly to the oriented case. The direct summand N 2|χ 4k is generated by classes of fold maps of fiber bundles over S 2 similarly to the oriented case but now we apply results of [Br69] to get these bundles.
So having invariants which encode geometric informations, computing the cobordism groups, constructing representatives of the generators of the cobordism groups, and checking the values of the invariants on them lead to formulas about geometric properties -in this paper we implement this principle in the case of oriented 4k -dimensional manifolds (k ≥ 1) and their fold maps into the plane. In this way, we obtain Theorem 1.1. For the unoriented case, analogously we obtain Theorem 1.3.
The paper is organized as follows. In Section 2, 3, 4, we give and study the basic definitions, in Section 5, 6 we state our main results, and in Section 7, we prove our results. In Section 8 we recall the necessary results about Morse function bundles.
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Notations. In this paper the symbol ∐ denotes the disjoint union. For any number x the symbol ⌊x⌋ denotes the greatest integer i such that i ≤ x. The symbol ε 1 X denotes the trivial line bundle over the space X . For a pair of spaces (X, A) and a vector bundle ξ over X the symbol ξ| A denotes the induced bundle by the inclusion A ⊂ X . For a smooth manifold X the symbol T X denotes its tangent space. The symbol π s n (X) (resp. π s n ) denotes the nth stable homotopy group of the space X (resp. spheres). The symbol Imm(η k , n) denotes the cobordism group of k -codimensional immersions into R n whose normal bundles are induced from the vector bundle η k (this group is isomorphic to π s n (T η k ), where T η k is the Thom space of η k , see [We66] ). The symbol Ω m (resp. N m ) denotes the cobordism group of oriented (resp. unoriented) m-dimensional manifolds. If W is a manifold with boundary X , then the tangent space of the submanifold X is a 1-codimensional subbundle of the restriction T W | X . Any tangent vector v ∈ T W | p , where p ∈ X , such that v and T X| p generate T W | p is called a normal section of X at p. All manifolds are of class C ∞ .
Maps with fold singularities
Let n ≥ 1 and q ≥ 0. Throughout this section let Q and N be smooth manifolds of dimensions n + q and n respectively. Let p ∈ Q be a singular point of a smooth map f : Q → N . The smooth map f has a fold singularity of index λ at the singular point p if we can write f in some local coordinates around p and f (p) in the form
for some 0 ≤ λ ≤ q + 1 (the index λ is well-defined if we consider that λ and q + 1 − λ represent the same absolute index).
A fold singularity is a definite fold singularity if λ = 0 or λ = q + 1 and it is an indefinite fold singularity of index λ if 1 ≤ λ ≤ q .
Let S λ (f ) ⊂ Q denote the set of fold singularities of index λ of f . Note that S λ (f ) = S q+1−λ (f ). Let S f denote the set λ S λ (f ) of all the fold singularities of f .
Note that S f is a smooth (n − 1)-dimensional submanifold of Q. If f : Q → N is a fold map in general position, then the map f restricted to S f is a general positional codimension one immersion into the target manifold N .
Note that each connected component of the manifold S f has its own index λ if we consider that λ and q + 1 − λ represent the same index.
Since every fold map is in general position after a small perturbation, and we study maps under the equivalence relation cobordism (see Definition 3.1), in this paper we can restrict ourselves to studying fold maps which are in general position. Without mentioning we suppose that a fold map f is in general position.
For a fold map f : Q → N and for an index 0 ≤ λ ≤ ⌊q/2⌋ the normal bundle of the codimension one immersion f | S λ (f ) : S λ (f ) → N has a canonical orientation or framing (i.e. trivialization) by identifying the fold singularities of index λ with the fold germ (x 1 , . . . , x n+q ) → x 1 , . . . , x n−1 ,
Definition 2.1 (Framed fold map). We say that a fold map f : Q → N is framed if the normal bundle of the 1-codimensional immersion f | S f : S f → N is oriented so that for each index 0 ≤ λ ≤ ⌊q/2⌋ the orientation of the normal bundle of the immersion f | S λ (f ) coincides with the canonical orientation. The orientation of the normal bundle of the immersion f | S (q+1)/2 (f ) for odd q can be arbitrary.
Remark 2.2. (i) Note that if we have a framed fold map f into an oriented manifold N , then since the fold singular set S f is immersed into N , the manifold S f has a natural orientation given by this framing and the orientation of the target manifold N . (ii) A fold map f : Q → N can be framed if and only if the cokernel bundle of the differential df :
Definition 2.3 (Oriented fold map). A fold map f : Q → N is oriented if there is a chosen consistent orientation of every fiber at their regular points, i.e., if the kernel of the differential of the restriction f | R is an oriented bundle, where R denotes the set of regular points of f .
For example, a fold map between oriented manifolds is naturally oriented. In this paper, we deal with fold maps into Euclidean spaces. For such a map an orientation is equivalent to an orientation of its source manifold (we fix orientations for Euclidean spaces).
Note that there exist oriented fold maps f : Q n+q → R n with odd q , which cannot be framed in the sense of Definition 2.1 (for example for n = 3 and q = 1, see [Sae03] ).
2.1. Existence of framed fold maps. We will study and recall results about the relation between
• existence of fiberwise epimorphisms T Q ⊕ ε 1 Q → T R n , • having n linearly independent sections in T Q ⊕ ε 1 Q and • existence of framed fold maps Q → R n .
Fix the standard Riemannian metric on R n . At first observe that if there is a given Riemannian metric on Q, then having a fiberwise epimorphism T Q ⊕ ε 1 → T R n is equivalent to having n linearly independent sections in T Q ⊕ ε 1 .
Following [Sae92, Lemma 3.1] and [An04, Lemma 3.1], given a framed fold map g : Q → R n , we will construct a fiberwise epimorphism ϕ : T Q ⊕ ε 1 Q → T R n , which will depend on the given framed fold map g , a chosen Riemannian metric ̺ on Q and a chosen r > 0, where this r also depends on g and ̺.
So if g : Q → R n is a framed fold map and ̺ is a Riemannian metric on Q, then let r = r(g, ̺) > 0 be such that for every point in the r -neighborhood N r (S g ) of the singular set S g in Q there is a unique closest point in S g . (Note that if r is such a number and 0 < r ′ < r , then also r ′ can be chosen instead of r .) If we have these g , ̺ and r , we define
Consider the differential dg of g as a homomorphism T Q → g * T R n and take the commutative diagram
where i : S g → Q is the embedding of the singular set. Then dg • i * maps T Q| Sg into a 1-codimensional subbundle of g * T R n | Sg . Having the pulled-back standard Riemannian metric on g * T R n we take the orthogonal complement (im dg • i * ) ⊥ in g * T R n | Sg . This is the cokernel bundle of dg over S g , which is a trivial bundle ε 1 Sg since g is a framed fold map. Moreover we have a fiberwise monomorphism
of this trivial bundle since it is a subbundle of g * T R n , and g * T R n is sent by the pull-back homomorphism g * : g * T R n → T R n fiberwise isomorphically into T R n . Then over S g we have a
fiberwise epimorphism, which we denote byφ. Note thatφ depends on the Riemannian metric on R n but that is fixed soφ depends really only on the map g . We just have to extend thisφ somehow over the entire T Q ⊕ ε 1 Q . So take a Riemannian metric ̺ on Q and take r = r(g, ̺). Let us map a point in N r (S g ) to the closest point in S g , this defines a map d : N r (S g ) → S g . Then take the commutative diagram
where d * g * T R n | Sg is canonically isomorphic to g * T R n | Nr(Sg) so that this isomorphism is the identity over S g since T R n is a trivial bundle with the standard trivialization. Then by this isomorphism and this diagram pulling back by d our subbundle
for v ∈ T Q| Nr(Sg ) and w ∈ ε 1 Nr(Sg ) ⊂ g * T R n | Nr(Sg) , where α : N r (S g ) → [0, 1] is equal to r minus the distance from S g multiplied by 1/r . Note that α(π(w)) = 0 if w is over the boundary of N r (S g ).
Hence ϕ ′ extends continuously over the entire T Q ⊕ ε 1 Q by applying only g * • dg over Q − N r (S g ). So we obtain our fiberwise epimorphism
Note that the restriction of ϕ(g, ̺, r) to T Q is equal to the differential g * • dg .
Conversely, if we have any fiberwise epimorphism ϕ : T Q ⊕ ε 1 Q → T R n , then there is a framed fold map g : Q → R n . More precisely, we have the following. Theorem 2.4 (Theorem 3.2 in [An04] ). Let n ≥ 2 and q ≥ 0. Assume there is a fiberwise epimorphism ψ g : T Q n+q ⊕ ε 1 Q → R n over a continuous map g . Then there is a framed fold map f : Q n+q → R n homotopic to g . Remark 2.5. If the bundle T Q ⊕ ε 1 Q has n linearly independent sections e 1 , . . . , e n and there is a given Riemannian metric ̺ on Q, then mapping the orthogonal complement of the subspace spanned by the sections into 0 and mapping the sections into the standard framing of T R n we get a fiberwise epimorphism ψ g : T Q ⊕ ε 1 Q → T R n over some map g : Q → R n . By Theorem 2.4, from ψ g we get a framed fold map f : Q → R n homotopic to g . This framed fold map f also gives a fiberwise epimorphism ϕ(f, ̺, r) : T Q ⊕ ε 1 Q → T R n for some r > 0 and hence n linearly independent sections e ′ 1 , . . . , e ′ n in T Q ⊕ ε 1 Q . As the proof of [An04, Theorem 3.2] shows, we get f by constructing from ψ g an appropriate section s of Q into the 2-jet space and by applying [An04, Theorem 2.1] which gives the homotopy from g to f . This homotopy is the result of a homotopy in the formal 2-jet space, which gives a homotopy of fiberwise epimorphisms from ψ g to ϕ(f, ̺, r) as well, which gives a homotopy from e 1 , . . . , e n to e ′ 1 , . . . , e ′ n . We will use an easy modification of the previous statement for the "relative case" as follows. As usual, for a smooth map f : Q → N and x ∈ Q, y ∈ N , we express a 2-jet in
Theorem 2.6. Let k ≥ 2 and m ≥ k . Let ̺ be a Riemannian metric on the mdimensional manifold W and let C be a closed subset of W . Let f : W → R k be a continuous map such that the restriction of f to a neighborhood U of C is smooth and has only definite fold singularities. Letφ : T W ⊕ ε 1 W → T R k be a fiberwise epimorphism over f , and suppose thatφ is equal to ϕ(f, ̺, r) for some r > 0 over U . Then, there exists a framed fold map g : W → R k , which coincides with f on C .
Proof. Let ξ be the kernel ofφ. Then similarly to the proof of [An04, Theorem 3.2] we obtain a (k − 1)-dimensional manifold V in W such that ξ| p ⊂ T p W exactly at the points p ∈ V . It follows that for the singular set S of f | U we have S ⊂ V . Also we have that the rank ofφ| TpW is equal to k for p ∈ W − V and it is equal to k − 1 for p ∈ V . Clearlỹ ϕ| T W induces a homomorphismΦ : T W → f * (T R k ) by pulling back with f . Then for p ∈ U the restrictionΦ| TpW is equal to the differential df :
Now we want to define a non-singular symmetric map β :
is just the cokernel bundle ofΦ at the points in V . For the singular set S ⊂ V we have already such a map: the positive definite symmetric form coming from the definite fold singularities of f U . We denote this by
This extends to the entire ξ| V ⊗ ξ| V as a non-singular symmetric map because the symmetry group of the definite fold singularity is the full orthogonal group. Let us denote this extension by β . Now this β can be extended to a homomorphismβ : S 2 (T W ) → f * (T R k ) so that over U the pair of homomorphisms Φ ,β is equal to the 2-jet of f .
So if we define the section s : W → Ω m−k+1,0 (W, R k ), where Ω m−k+1,0 (W, R k ) denotes the union of regular and fold jets in the 2-jet space J 2 (W, R k ), as
then by applying [An04, Theorem 2.1] we get the statement.
Cobordism of maps
Definition 3.1 (Cobordism). Two fold maps f i :
are cobordant if there exists a fold map
are small collar neighborhoods of ∂X with the identifications Q 0 = Q 0 × {0} and
We call the map F a cobordism between f 0 and f 1 . When the fold maps f i : Q i → R n , i = 0, 1, are oriented, we say that they are oriented cobordant (or shortly cobordant if it is clear from the context) if they are cobordant in the above sense via an oriented fold map F , such that the orientations are compatible on the boundary of X . This clearly defines an equivalence relation on the set of fold maps of closed (n + q)-dimensional manifolds into R n . The equivalence classes are called cobordism classes. We denote the set of cobordism classes of fold maps by Cob(n, q). For the oriented version an upper index "O " applies and we write Cob O (n, q). By taking disjoint union of maps, the sets Cob(n, q) and Cob O (n, q) become groups as one can see easily.
Definition 3.2 (Framed cobordism). Two framed fold maps f i : Q i → R n , i = 0, 1, of closed (n + q)-dimensional manifolds Q i are framed cobordant if they are cobordant in the sense of Definition 3.1 by a framed fold map F : X → R n × [0, 1] such that the orientation of the normal bundle of the immersion
The notion of oriented framed cobordism is analogous.
We denote the corresponding framed cobordism groups by Cob f r (n, q) and Cob O f r (n, q). Note that for q even the group Cob f r (n, q) is naturally isomorphic to Cob(n, q) and the group Cob O f r (n, q) is naturally isomorphic to Cob O (n, q).
3.1. Cobordism invariants of fold maps. We introduced and used geometric invariants of cobordisms of fold maps [Ka08a, Section 2], namely the homomorphisms
for 0 ≤ λ < (q + 1)/2 and
for q odd and λ = (q+1)/2, where l 1 is an appropriate line bundle. These homomorphisms are defined as follows. Restricting the fold map f : Q n+q → N n to a regular neighborhood of its index λ fold singular set S λ (f ) we get a bundle over S λ (f ) with fiber the mapping
By [Jä78, Wa80] the structure group of this bundle can be reduced to a maximal compact subgroup, namely to the group O(λ)×O(q+1−λ) in the case of 0 ≤ λ < (q+1)/2 and to the group generated by the group O and the transformation
0 in the case of q odd and λ = (q + 1)/2, see, for example, [Sae92] . We denote this latter group by
, T . The φ-bundle over S λ (f ) has a "source" bundle and also a "target" bundle part over S λ (f ), resulting from the source R q+1 and the target R of φ since the structure group of φ acts on these. So we have a (q + 1)-dimensional vector bundle and also a 1-dimensional vector bundle over S λ (f ) and φ maps fiberwise between them.
It follows that this 1-dimensional vector bundle over S λ (f ), where 0 ≤ λ ≤ (q + 1)/2, can be induced from the trivial line bundle
for λ = (q + 1)/2 and from an appropriate line bundle
for q odd and λ = (q + 1)/2. Now, restricting the fold map f to its fold singular set S λ (f ) of index λ we get an immersion and the homomorphisms ξ λ and ξ (q+1)/2 map the cobordism class [f ] into the cobordism class of this immersion with normal bundle induced from the line bundle
, T depending on λ, respectively.
3.1.1. The case of oriented fold maps. For oriented fold maps, we have the analogous statements but we have to consider the subgroup of the automorphisms of φ : R n+q → R whose elements act preserving the orientations of R n+q and R simultaneously or reversing the orientations simultaneously. That is, we consider the subgroup S(O(λ)×O(q+1−λ)) of orientation preserving transformations of the group O(λ)×O(q +1−λ) and the trivial line bundle ε 1 → BS(O(λ)×O(q +1−λ)) in the case of 0 ≤ λ < (q +1)/2, and the appropriate subgroup denoted by S O , T in the case of q odd and λ = (q + 1)/2. So in the case of oriented fold maps, we have the homomorphisms
for q odd and λ = (q + 1)/2, just like in the case of non-oriented fold maps. We used these homomorphisms in [Ka09a, Ka08a] to describe cobordisms of fold maps.
3.1.2. The case of framed fold maps. For 0 ≤ λ < (q + 1)/2, clearly there is the analogous framed cobordism invariant
, n . For framed fold maps when q is odd and λ = (q + 1)/2 we have to consider only that
, T whose elements act trivially on the target
because T acts as multiplication by −1 on the target R of φ. So we have the homomorphism
It is easy to get the analogous homomorphisms for oriented framed fold maps as well.
Since the group Imm(ε 1 X , n), where X is a space, is isomorphic to π s n−1 ⊕ π s n−1 (X), all these homomorphisms ξ λ , where 0 ≤ λ ≤ (q + 1)/2, map from a framed cobordism group into a direct sum of this form. The first coordinate map of ξ λ mapping into π s n−1 will be denoted by
and the second will be τ λ : Cob f r (n, q) → π s n−1 (BG), for the appropriate subgroup G of the orthogonal group O(q + 1).
When n = 2, the sum for λ ≥ 0 of these homomorphisms will be used, i.e. take 0≤λ≤(q+1)/2 t λ and denote it by t and take 0≤λ≤(q+1)/2 τ λ and denote it by τ . So we have two homomorphisms
because π s 1 (BG) = Z 2 ⊕ Z 2 for any 1 ≤ λ ≤ (q + 1)/2 and G at hand, and in the case of λ = 0 we consider π s 1 (B(O(0) × O(q + 1))) = {0} ⊕ Z 2 , which we consider as a subgroup of Z 2 ⊕ Z 2 . We will denote the two coordinates of τ by τ 1 and τ 2 .
The analogous homomorphisms for the case of oriented maps are denoted the same way. In that case we have
for any 1 ≤ λ ≤ (q + 1)/2 and G at hand, and in the case of λ = 0 we have π s 1 (BS(O(0) × O(q + 1))) = {0}, which we consider as a subgroup of Z 2 .
To simplify the notation, if f is a fold map, we will refer to t([f ]) and τ ([f ]) as t(f ) and τ (f ), respectively. When n = 2, the value t(f ) is just the number of double points mod 2 of the immersion into R 2 of the singular set of the generic fold map f .
Remark 3.3. Clearly in the case of non-framed (but possibly oriented or non-oriented) fold maps into R 2 with even codimension q we have the analogous homomorphisms t and τ because such fold maps and their cobordisms can be naturally framed.
We will very shortly refer to non-framed oriented fold maps into R 2 with odd codimension q as well. In that case we also have the analogous homomorphisms t and τ mapping into Z 2 since for t λ and τ λ , where 0 ≤ λ < (q + 1)/2, everything works the same way as in the framed case. Moreover an easy computation shows that the target of the homomorphism ξ
is also Z 2 ⊕ Z 2 , which corresponds to the number of double points mod 2 and the twisting of the normal bundle of the the index (q + 1)/2 fold singularities in the source manifold, just like in the case of framed fold maps.
Cobordism of manifolds with stable framings
Definition 4.1 (Stably (n−1)-framed manifolds). For n > 0, q ≥ 0 an (n+q)-dimensional manifold Q is stably (n − 1)-framed if the vector bundle T Q ⊕ ε 1 Q has n sections that are linearly independent at every point of Q (shortly, we say that the vector bundle T Q ⊕ ε 1 Q has n independent sections).
Definition 4.2 (Stably (n − 1)-framed cobordism). Let Q i be closed (oriented) stably (n − 1)-framed (n + q)-dimensional manifolds, i.e., the vector bundles T Q i ⊕ ε 1 Q i have n independent sections e 1 i , . . . , e n i (i = 0, 1). We say that the manifolds Q 0 and Q 1 are stably (oriented) (n − 1)-framed cobordant if (i) they are (oriented) cobordant in the usual sense by a compact (oriented) (n + q + 1)-dimensional manifold W , (ii) the vector bundle T W ⊕ ε 1 W has n + 1 independent sections f 1 , . . . , f n+1 , (iii) the sections f j , j = 1, . . . , n, restricted to the boundary Q 0 ∐ Q 1 of W coincide with the sections e j i (j = 1, . . . , n and i = 0, 1). (iv) the section f n+1 restricted to the boundary part Q 0 (resp. Q 1 ) of W coincides with an inward (resp. outward) normal section of ∂W .
We denote the set of stably (n − 1)-framed cobordism classes of closed stably (n − 1)-framed (n + q)-dimensional manifolds by C n+q (n) (and by C O n+q (n) in the oriented case) which is an abelian group with the disjoint union as operation.
We obtain homomorphisms
, which map a cobordism class of a framed fold map g : Q n+q → R n into the stably (n − 1)-framed cobordism class of the source manifold Q n+q precisely as follows.
In Section 2.1 we constructed a
fiberwise epimorphism from a given framed fold map g : Q n+q → R n . We will define the cobordism group of fiberwise epimorphisms of this form which we will denote by E(n, q) and give a homomorphism from the group Cob f r (n, q) to E(n, q). Then we will define a homomorphism from E(n, q) to the group C n+q (n). The composition
of these two homomorphisms will be σ n,q .
Definition 4.3. Let Q 0 and Q 1 be closed (n + q)-dimensional manifolds. Let
and it is equal to ψ i . The naturally resulting cobordism group is denoted by E(n, q).
We have the following (we use the notations of Section 2.1).
Lemma 4.4. Let g : Q n+q → R n be a framed fold map. Let ̺ be a Riemannian metric on Q and let r = r(g, ̺).
is another Riemannian manifold and g ′ : Q ′ → R n is another framed fold map such that g and g ′ are framed cobordant, then there is a
such that ϕ(g, ̺, r ′′ ) and ϕ(g ′ , ̺ ′ , r ′′ ) are cobordant.
Proof. We get (i) by continuously modifying r to r ′ along Q × {t}, t ∈ [0, 1], in the manifold Q × [0, 1] equipped with the Riemannian metric the direct sum of ̺ and the standard metric on [0, 1]. The proof of (ii) and (iii) is an easy exercise in constructing Riemannian metrics on Q × [0, 1] in the case of (ii) and on a cobordism W in the case of (iii).
This lemma implies that the construction in Section 2.1 induces a homomorphism from the cobordism group of framed fold maps Cob f r (n, q) to the cobordism group E(n, q). Now, we want a homomorphism from E(n, q) to the cobordism group of stably (n−1)-framed manifolds. The kernel of a fiberwise epimorphism ϕ : T Q ⊕ ε 1 Q → T R n has an orthogonal complement if there is a given Riemannian metric on Q. Then this orthogonal complement has n frames since it is mapped isomorphically onto T R n . So we have the stably (n − 1)-framed manifold Q and its stably framed cobordism class is defined to be the image of the cobordism class [ϕ] . But again we have to prove that these n frames does not depend on the Riemannian metric on Q up to cobordism.
Lemma 4.5. We have the following.
(i) If ̺ 1 and ̺ 2 are Riemannian metrics on Q, then the stably (n−1)-framed manifolds obtained from the fiberwise epimorphism T Q ⊕ ε 1 Q → T R n depending on ̺ 1 and ̺ 2 , respectively, are cobordant.
(ii) If the fiberwise epimorphisms T Q i ⊕ ε 1 Q i → T R n , i = 0, 1, are cobordant, then for some Riemannian metrics on Q 0 and Q 1 the obtained stably (n − 1)-framed manifolds Q 0 and Q 1 are cobordant.
Proof. The proof is an easy exercise in extending Riemannian metrics on Q × [0, 1] in the case of (i) and constructing Riemannian metrics on a cobordism W in the case of (ii).
All these arguments imply that we have the well-defined homomorphism σ n,q . The oriented case of σ O n,q is completely analogous. Proposition 4.6. The homomorphisms σ n,q and σ O n,q are surjective. Proof. Let us take a cobordism class ω in C n+q (n) represented by a stably (n − 1)-framed manifold Q. Then by Remark 2.5 there is a framed fold map f : Q → R n such that the stable (n − 1)-framing given by f is homotopic to the stable (n − 1)-framing which was given originally on Q. This homotopy yields a cobordism between the two stable (n − 1)-framings. Hence σ n,q maps the cobordism class of the framed fold map f into the cobordism class ω . The proof for σ O n,q is analogous. Note that [Ko81] deals extensively with the groups C n+q (n) and C O n+q (n), which are naturally isomorphic through stabilization to cobordism groups denoted in [Ko81] by N n+q (n − 1, n − 1) and Ω n+q (n − 1, n − 1), respectively, and Koschorke computes them for low n (see [Ko81,  For example, the group N m (k, k) is defined to be the cobordism group of closed mdimensional manifolds admitting k linearly independent vector fields, where a cobordism W between such manifolds is a compact (m + 1)-dimensional manifold as usual but W also admits k + 1 linearly independent vector fields extending the given k vector fields on its boundary and the (k + 1)th vector field of W corresponds to the inward and outward normal vectors on its boundary. For details, see [Ko81] . is equal to the map 
, where f is just the forgetful map which forgets all the framings. The map χ ′′ is defined as follows (see [Ko81, page 130 (12.5)]).
Take a representative N 2+q of a class x ∈ N 2+q (1, 1), then T N = ε 1 N ⊕ η N for some (q + 1)-dimensional vector bundle η N . Let S ⊂ N be the zero set of a generic section of η N . Then S is a closed 1-dimensional manifold and since T S ⊕ η S = T M | S = ε 1 S ⊕ η S over S , adding an appropriate bundle η ⊥ over S such that η S ⊕ η ⊥ is a trivial bundle, we have a given stable parallelization of T S . Hence S represents an element in the bordism group Ω 1 (point; trivial) ∼ = Z 2 , see [Ko81, Definition 2.1 and the following explanation on page 27]. This element is the value χ ′′ (x). Now denote by i : C 2+q (2) → N 2+q (1, 1) the inverse of the stabilizing isomorphism. Let [g : M 2+q → R 2 ] ∈ Cob f r (2, q), this is mapped by σ 2,q into the class of the stably 1-framed source manifold [M ] ∈ C 2+q (2). So we have that
(1, 1), this means that M is stably 1-framed cobordant by a W to some M ′ such that in T M ′ ⊕ ε 1 M ′ the second of the two independent framings coincides with the ε 1 M ′ direction. Deleting this second framing we get the representative M ′ , where T M ′ has one framing, of the class
as described above. So we can find the stably parallelized 1-dimensional manifold S ′ ⊂ M ′ as above by taking the zero set of a generic section of η M ′ over M ′ . Of course we could find the same
as well if we do not delete that second framing. Beside these, we can find an η W in the entire T W ⊕ ε 1 W which restricts to our
And hence we find a stably parallelized 2-dimensional manifoldS ⊂ W as the zero set of a generic section of η W in T W ⊕ ε 1 W . Finally, we obtain that the zero set S ⊂ M of a generic section of η M over the original manifold M , where we had T M ⊕ ε 1 M = η M ⊕ ε 2 M is cobordant to S ′ by the surfaceS in the sense of the group Ω 1 (point; trivial).
As a result we get that if we look for the value
, then it is enough to consider the stably 1-framed manifold M as a representative in C 2+q (2) and to find the zero set S ⊂ M of a generic section of η M where
Then this S and its stable parallelization gives the same element in Ω 1 (point; trivial) as
, what is the geometric meaning of this stable parallelized S ? The bundle η M is the kernel of the fiberwise epimorphism ϕ(g)
Sg , which gives the stable framing of T S g . Since η M | Sg is the kernel of ϕ(g) over S g , which is also the kernel of the differential dg at the points of S g , the stable framing of S g gives exactly the immersion g| Sg as we claimed.
Complete invariants of cobordisms of framed fold maps
Recall that the group Imm(ε 1 X , n), where X is a topological space, is identified with the group π s n−1 ⊕ π s n−1 (X). Throughout this section λ denotes non-negative integers referring to the absolute indexes of the fold singularities.
Denote by ℑ O n,q the homomorphism
and by ℑ n,q the homomorphism
Theorem 5.1. Let n ≥ 1, q ≥ 0. Then, the homomorphisms
are injective. Hence two framed fold maps f i :
and two oriented framed fold maps f i :
For q even, since even codimensional fold maps can be framed naturally, in the statement of Theorem 5.1 the group Cob O f r (n, q) can be replaced by Cob O (n, q) and Cob f r (n, q) can be replaced by Cob(n, q). O n (n) and ℑ n,0 : Cob(n, 0) → C n (n) are injective, and by Proposition 4.6 they are surjective as well. Hence, we have
is isomorphic to Z 2 . A fold map from an unoriented surface to R 2 is null-cobordant if and only if its singular set is immersed into R 2 with an even number of double points. (2) The cobordism group of fold maps from unoriented 3-manifolds into R 3 is isomorphic to Z 2 . A fold map from an unoriented 3-manifold to R 3 is null-cobordant if and only if the immersion of its singular set into R 3 is null-cobordant. We refer to τ λ ([f ]) as τ λ (f ) and say it is the twisting of the index λ fold germs over S λ (f ). Now, take the homomorphisms
Some results of [Ch80] can be rephrased as follows.
Theorem 6.2 (Chess [Ch80]).
Let f : M 2k+1 → R 2 be a fold map of a closed orientable manifold. Then
We are looking for the analogous result if the dimension of the source manifold of a fold map is divisible by 4. To achieve this, we will compute some related cobordism groups of fold maps.
When n = 2, q ≥ 0 and q = 2q ′ is even, since framed fold maps with even codimension are naturally identified with fold maps, Theorem 5.1 says that ℑ O 2,q is an injective homomorphism from the group Cob O (2, q) into
and this large direct sum is actually isomorphic to C O 2+q (2) ⊕ Z q 2 . Then we have the following.
. An isomorphism is given by the map
For example, the group Cob O (2, 2) is isomorphic to Z ⊕ Z 2 ⊕ Z 2 , and an isomorphism is given by the homomorphism
The next proposition will be important for us, which we will prove later.
2 This implies that τ0 : Cob O (2, q) → Z2 is always the identically zero homomorphism.
Proposition 6.4. For k ≥ 1 there is an oriented fold map f : CP 2k #CP 2k → R 2 such that t(f ) ≡ 0 mod 2 and τ (f ) ≡ 1 mod 2.
Proof. This is the same statement as Proposition 7.4, see the proof there.
We obtain the following Poincaré-Hopf type formula for the signature.
Theorem 6.5. Let k ≥ 1 and f : M 4k → R 2 be a fold map of a closed oriented 4k -dimensional manifold. Then
Corollary 6.6. An isomorphism Cob O (2, 2) → Z ⊕ Z 2 2 is also given by the map
Proof. This follows from Theorems 6.3 and 6.5.
6.2. Non-oriented fold maps. Now, for the unoriented case take the homomorphisms
and τ λ : Cob(2, 4k − 2) → Z 2 ⊕ Z 2 , where 0 ≤ λ ≤ 2k − 1. Defineτ λ as the product τ 1 λ τ 2 λ taken in the field Z 2 of the two coordinates of τ λ and defineτ = 0≤λ≤2k−1τ
λ .
It follows easily that for 0 ≤ λ ≤ 2k − 1 we have the commutative diagrams
where the horizontal arrows denoted by ι are the natural forgetful homomorphisms. Of courseτ λ is not necessarily a homomorphism. But the commutative diagram above says thatτ λ restricted to the image ι Cob O (2, 4k − 2) is a homomorphism. Notice that for 0 ≤ λ ≤ 2k − 1 the composition
is identically zero, where the first arrow is the forgetful homomorphism and τ i λ , i = 1, 2, denote the two coordinates of τ λ .
We obtain results in the unoriented case analogously to Theorems 6.3 and 6.5.
Theorem 6.7. For k ≥ 1, the cobordism group Cob(2, 4k − 2) is isomorphic to N 2|χ 4k ⊕ Z 2 ⊕ Z 6k−3 2 . Theorem 6.8. Let k ≥ 1 and f : M 4k → R 2 be a fold map of a closed (possibly unorientable) 4k -dimensional manifold. Then
This statement involves no number of double points and strictly speaking no topological properties of the manifold M , it relates only the twistings τ 1 and τ 2 to each other.
Proof of the results
7.1. Proof for the cobordism invariants. First, we prove Theorem 5.1.
Proof of Theorem 5.1. Let f : Q n+q → R n be a framed fold map. We show that if
is zero, then [f ] ∈ Cob f r (n, q) is also zero. Take the map
for some small ε > 0. By assumption
, n is zero for 1 ≤ λ ≤ (q + 1)/2 so we can glue these null-cobordisms of the
fold singularity bundles of f to the map
"at" Q × {3ε}. Such a null-cobordism is a φ-bundle over an n-dimensional manifold Σ λ whose boundary ∂Σ λ is the fold singular set S λ (f ). In other words there is an R q+1 bundle over Σ λ with total space O λ and an R bundle over Σ λ with total space R λ and there is a map Φ λ : O λ → R λ which maps fiberwise as φ. Also Σ λ is immersed into R n × [0, 1) so that this immersion restricted to the boundary S λ (f ) is the immersion f | S λ (f ) into R n × {0}. So we have the commutative diagram
with full of inclusions, where g is the immersion of Σ λ into R n × [0, 1) and N (S λ (f )) is a regular open neighborhood of S λ (f ). The prefix "D " denotes the corresponding closed disk bundles. The composition Φ λ • i is the given φ-bundle of f . The composition g • j is the immersion f | S λ (f ) .
Moreover the line bundle R λ over Σ λ , which is a trivial line bundle since we are working with framed fold maps, is the normal bundle of the immersion g : Σ λ → R n ×[0, 1).
So attaching the null-cobordisms to f × id [0,3ε) we obtain a framed fold map
where V = Q × [0, 3ε) ∪ 1≤λ≤(q+1)/2 O λ is a non-compact (n + q + 1)-dimensional manifold with boundary Q. We also take the disk bundle DO λ of O λ and restrict the map Φ λ to it. In this way, we obtain the restricted map F : W → R n × [0, 1), where
(1) W ⊂ V and W is a compact (n + q + 1)-dimensional manifold obtained from attaching to Q × [0, 2ε] the spaces
and then the (restricted) domains DO λ of the null-cobordisms Φ λ of the index ≥ 1 fold singularity bundles of f , (2) the boundary of W is equal to Q ∐ P , where the closed (n + q)-dimensional manifold P is diffeomorphic to the union of
• 1≤λ≤(q+1)/2 SO λ , where the prefix "S " denotes the corresponding sphere bundles,
in W with the identification Q = Q × {0} and (4) F is a restriction ofF andF is a fold map with only definite fold singularities into R n × (0, 1) near P and (5) the definite fold singularities of F are of the form SinceF | V is a framed fold map, fixing a Riemannian metric ̺ on W we obtain a ϕ(F, ̺, r) :
fiberwise epimorphism for some small r > 0 as in Section 2.1. This gives a stable nframing on W . We want this stably n-framed W to be a cobordism between Q and P in the sense of Definition 4.2 but while the framing of W restricts to the framing of Q as Definition 4.2 requires, we do not get immediately a stable (n − 1)-framing of P . This is because the framing of W gives only n + 1 linearly independent sections of T P ⊕ ε 2 P such that we do not know whether one of these sections is a normal section of P . This problem occurs because P is not mapped by F into some R n × {t}, where t ∈ R, while Q is. But since we have π k V n+1 R n+q+2 , V n R n+q+1 = 0 for the relative homotopy groups of Stiefel varietes for k ≤ n + q (this follows from [Hu93, Chapter 8.11.]), there is a homotopy of these n + 1 linearly independent sections of T P ⊕ ε 2 P through linearly independent sections such that at the end we obtain n + 1 linearly independent sections of T P ⊕ ε 2 P with the last section being parallel to the last ε 1 P summand. Deleting this we get n linearly independent sections of T P ⊕ ε 1 P and W becomes a cobordism between Q and P in the sense of Definition 4.2. Suppose this homotopy happens over P × [0, 1]. We identify our P with P × {0}. Then attach this homotopy to W along P . Hence Q and P × {1} are stably (n − 1)-framed cobordant by W and the attached homotopy P × [0, 1].
It follows that since σ n,q ([f ]) is zero, the stably (n−1)-framed manifold P ×{1} is also zero in the cobordism group C n+q (n). So by gluing a stably (n−1)-framed null-cobordism of P × {1} to W ∪ (P × [0, 1]) along P × {1}, we obtain a compact (n + q + 1)-dimensional manifold X with boundary Q such that the bundle T X ⊕ ε 1 X has an (n + 1)-framing which coincides with the stable n-framing of W over W .
Since R n × [0, 1] is contractible, we can extend the map F to a continuous map
Observe that if we introduce a Riemannian metric on X extending the given Riemannian metric on W , then the (n + 1)-framing of the bundle T X ⊕ ε 1 X gives a fiberwise epimorphism
covering the continuous map G by mapping the n + 1 frames to the standard bases of T (R n × [0, 1]) at any points of X . This H coincides with ϕ(F, ̺, r) over W because we got H by the framing determined by ϕ(F, ̺, r). Hence by Theorem 2.6, we see that there is a framed fold map G ′ : X → R n × [0, 1] which coincides with F on a closed subset of W which contains some Q × {t} for some t ∈ [0, 2ε]. So the framed fold map f is framed null-cobordant. The oriented case is proved in a similar way. 7.2. Proof for the cobordism group of oriented fold maps into the plane. In order to prove Theorem 6.3 (and later Theorem 6.7 in the unoriented case), we need the following lemma.
Lemma 7.1. Let A, B, C be abelian groups and let ι B : B → A ⊕ B be the standard inclusion. Let ψ : A ⊕ B → C be a surjective homomorphism and let π B : A ⊕ B → B be a homomorphism such that π B • ι B is an isomorphism. Suppose (ψ, π B ) :
Proof. Let q : C → C/im (ψ • ι B ) denote the quotient map and let id B : B → B denote the identity map of B . We study the composition
We show that it is surjective. Take an element (x, y) ∈ C/im (ψ • ι B ) ⊕ B . There is a c ∈ C such that q(c) = x and there is an (a, b) ∈ A ⊕ B such that ψ(a, b) = c. Then
is surjective. This immediately implies (1) since then q ⊕ id B is the identity map. To see that (2) also holds note that if we have two groups G and H , H has a subgroup Z 2 ⊂ H and we have the composition
where the first arrow, which we denote by α, is injective but not surjective, the second arrow is the quotient map and the composition is surjective, then G is isomorphic to H/Z 2 . This is because α has to hit all the classes h + Z 2 and if there is a g ∈ G which goes into 1 ∈ Z 2 ⊂ H , then for any h ∈ H such that h ∈ im α we have that h + 1 ∈ im α. So α would be surjective contradicting to our original assumption. Hence 1 ∈ Z 2 is not in im α so the composition is injective. Now we prove Theorem 6.3. as a direct summand, we denote this group by B , so Cob O (2, 4k − 2) ∼ = A ⊕ B for some group A. With these roles we will apply Lemma 7.1. The homomorphism (ξ O 1 , . . . , ξ O 2k−1 ) will be π B .
By Proposition 4.8 the group C O 4k (2) , which will be the group C , is isomorphic to the group Ω 2|χ 4k and the forgetful map
4k which forgets the framings gives an isomorphism. Since by [Le65] every closed orientable manifold of dimension > 2 with even Euler characteristic has a fold map into the plane, the homomorphism
(2) , which will be ψ : A⊕B → C when we apply Lemma 7.1, is surjective. Now, let us apply Lemma 7.1. By case (1) we have, but also it is quite obvious, that to finish the proof of Theorem 6.3 it is enough to show that the source manifolds of the fold maps ϕ j,4k−2,i j : Q 4k j,4k−2,i j → R 2 and ϕ j,4k−2,e j : Q 4k 
the manifolds Q 4k j,4k−2,i j and Q 4k j,4k−2,e j are fibrations over the circle S 1 with fiber the (4k − 1)-dimensional sphere with orientation preserving linear structure group, hence they are null-cobordant. 7.3. Proof for the Poincaré-Hopf type formula. Now, we prove Theorem 6.5.
Proof of Theorem 6.5. By Theorem 6.3 the group Cob O (2, 4k − 2) is isomorphic to
We check the values
Note that the source manifolds of ϕ j,4k−2,i j and ϕ j,4k−2,e j are oriented null-cobordant for 1 ≤ j ≤ 2k − 1.
To generate the direct summand Ω 
where r ≥ 0, the manifold CP 2k #CP 2k is oriented in some way and the signature σ(Z 4k ) is equal to zero. By [AK80, Theorem 3], we can suppose that Z 4k is a fiber bundle over S 2 with a closed orientable (4k − 2)-dimensional manifold F 4k−2 as fiber.
Proposition 7.2. There is an oriented fold map f z : Z → R 2 such that t(f z ) ≡ 0 mod 2
Proof. Clearly there exists a Morse function µ :
, where we identify S 1 with the unit circle {e iθ : θ ∈ [0, 2π]}. So we have the fold map
which maps the boundary F 4k−2 × {0} ∐ F 4k−2 × {1} ×S 1 into the unit circle {|x| = 1}.
Let D 2 + and D 2 − denote the northern and southern hemispheres of S 2 , respectively. According to the decomposition
the bundle F 4k−2 ֒→ Z 4k → S 2 falls into two pieces, i.e. into the trivial F 4k−2 bundles
Let us identify D 2 + with the standard unit disk {|x| ≤ 1} and D 2 − with the disk {|x| ≤ 2} of radius 2 in R 2 . We define the fold map
Proof. It is easy to see that the f z -image of the fold singular set of f z consists of concentric circles, moreover each determinant bundle δ j (f z ), see Remark 6.1, is trivial if the set S j (f z ) is non-empty, for 1 ≤ j ≤ 2k − 1.
This completes the proof of Proposition 7.2.
Proposition 7.4. Let k ≥ 1. There is an oriented fold map f : CP 2k #CP 2k → R 2 such that t(f ) ≡ 0 mod 2 and τ (f ) ≡ 1 mod 2.
Proof. Let us orient CP 2k in the standard way. We define the fold map f C : CP 2k #CP 2k → R 2 as follows. By [Le65] there is a stable map
with only one cusp point p ∈ CP 2k and also we know that the index of the fold singularities around this cusp is 2k − 1. Our plan is to "eliminate" these two cusps in the "two copies" of CP 2k in the connected sum CP 2k #CP 2k . We can suppose that there is an embedded arc a : ) and a ((0, 1) ) intersects the image of the singular set of g transversally and exactly at one definite fold value.
Take a small regular neighborhood of a([0, 1]) in R 2 . Then the boundary C of this neighborhood is a circle embedded into R 2 which divides g(CP 2k ) into two regions. (Of course C ∩ g(CP 2k ) is an embedded interval in R 2 .) One of them contains g(p) and the other does not. Denote the region containing g(p) by R, see Figure 2 .
Then the preimage g −1 (R) is an embedded 4k -dimensional ball in CP 2k . Moreover the g -preimage of C ∩ g(CP 2k ) is the boundary of this 4k -dimensional ball, which is an S 4k−1 . And if we identify C ∩ g(CP 2k ) with R, then the map g restricted to this S 4k−1 is a Morse function with four critical points: two definite critical points, one critical Figure 2 . The g -image of CP 2k in R 2 . The thick arcs represent the g -image of the fold singular set going into the cusp value g(p). The arc connecting g(p) = a(0) and a(1) intersects transversally the g -image of the definite fold singular set.
point of index 2k − 1 and one critical point of index 2k . This Morse function gives a handle decomposition of S 4k−1 . Since the two middle critical points form a cancelling pair (because of the cusp point), the (2k − 1)-handle is attached to the 0-handle such that the attaching sphere is the standard (2k − 2)-dimensional sphere with trivial framing. Watching the Morse function "upside down" we have the same thing about the other handles.
So after identifying g −1 (C ∩ g(CP 2k )) with S 4k−1 and C ∩ g(CP 2k ) with R, we get the Morse function g| g −1 (C∩g(CP 2k )) , which we denote by h. By the previous argument, we can suppose that
is given in the form
where S 2k−1 ×D 2k and D 2k ×S 2k−1 are identified with the subsets {x 2 2k+1 +· · ·+x 2 4k ≤ 1/2} and {x 2 1 + · · · + x 2 2k ≤ 1/2} of {|(x 1 , . . . x 4k )| = 1}, respectively. We can suppose, that this decomposition coincides with the handle decomposition of S 4k−1 given by the Morse function h, h −1 (0) = {x 2 1 + · · · + x 2 2k = x 2 2k+1 + · · · + x 2 4k = 1/2}, the critical point of index 2k − 1 is (1, 0, . . . , 0) ∈ S 2k−1 × {0}, and the critical point of index 2k is in {0} × S 2k−1 with (2k + 1)-st coordinate equal to 1 and other coordinates equal to 0. Now let us take the map g ∐ (T • g) : CP 2k ∐ CP 2k → R 2 , where T : R 2 → R 2 is an affine translation such that the image of T • g is disjoint from the image of g . Since T • g : CP 2k → R 2 is just a copy of the map g , we also get a copy of the Morse function h by doing all the corresponding previous things to T • g instead of g . Roughly speaking, the Morse function h is g| g −1 (C∩g(CP 2k ))
and this other Morse function is
which can be naturally identified with h. Now, we want to form the connected sum CP 2k #CP 2k and obtain a map
which "coincides" with g| g −1 (R 2 −R) on the first CP 2k summand and with T •g| (T •g) −1 (R 2 −T (R)) on the second CP 2k summand. All we need is an automorphism
of the Morse function h : S 4k−1 → R, where both of ϕ and ψ reverse the orientation. If we have this automorphism, we can take g| g −1 (R 2 −R) and T • g| (T •g) −1 (R 2 −T (R)) and glue them together along the two Morse functions by this automorphism. Then we get f C : CP 2k #CP 2k → R 2 , see Figure 3 . Figure 3 . The f C -image of CP 2k #CP 2k in R 2 around the f C -image of the "connecting tube between the two CP 2k summands". The thick arcs represent the f C -image of the fold singular set. The gluing of the "connecting tube" realizes the automorphism (ϕ, ψ).
We define the diffeomorphism ϕ : S 4k−1 → S 4k−1 to be induced by the linear transformation (x 1 , . . . , x 4k ) → (x 2k+1 , . . . , x 4k , x 1 , . . . , x 2k−1 , −x 2k ). Clearly ϕ interchanges the critical points of indexes 2k − 1 and 2k , maps the unstable and stable manifolds into the stable and unstable manifolds respectively, while reversing the orientations of the unstable manifolds.
Hence we get f C : CP 2k #CP 2k → R 2 , which is a stable fold map.
Since we obtained the fold map f C from two copies of the map g , and the performed operations did not change the number of double points of the image of the singular sets, it is clear that [f C | S f C ] ≡ 0 mod 2.
We also have that ϕ interchanges the critical points of indexes 2k − 1 and 2k , maps the unstable and stable manifolds into the stable and unstable manifolds respectively, while reversing the orientations of the unstable manifolds. Hence the twisting modulo 2 of the indefinite fold germ bundle is 1 over the component of S f C which we obtain after constructing f C and which goes through the "connecting tube" of CP 2k #CP 2k . The twisting modulo 2 equal to 0 over the union of the other components, because each of the other components of S f C in the first CP 2k summand has an identical pair in the second CP 2k summand.
This lemma completes the proof of Proposition 7.4. Concerning the double points: By construction, ϕ j,4k−2,e j restricted to its fold singular set has 1 double point for j = 1 (the double point of the definite fold singular set if we perturb a little), and has no double point for j ≥ 2. Clearly ϕ j,4k−2,i j restricted to its singular set has even number of double points for each 1 ≤ j ≤ 2k − 1.
Concerning the twisting of the normal bundle of the singular set: The determinant bundle δ l (ϕ j,4k−2,i j ) of the O(l) bundle obtained by the projection
over S l (ϕ j,4k−2,i j ) is trivial (l = j − 1, j and l ≥ 1), the determinant bundle δ 1 (ϕ 1,4k−2,e 1 ) is non-trivial, and for j ≥ 2 the determinant bundle δ l (ϕ j,4k−2,e j ) is non-trivial for l = j and l = j − 1, see Remark 8.3.
So if we sum up the double points for the index 0, . . . , 2k − 1 fold singularities and the twistings of index 1, . . . , 2k − 1 fold singularities, we get
• zero for ϕ j,4k−2,i j , 1 ≤ j ≤ 2k − 1, because we have even number of double points and trivial twisting, • zero for ϕ 1,4k−2,e 1 , because we have one double point (from one definite fold crossing after perturbation) and non-trivial twisting (the twisting of the index 1 fold singular set), • zero for ϕ j,4k−2,e j , 2 ≤ j ≤ 2k − 1, because we have no double points and we have non-trivial twistings for both of the index j − 1 and j fold singularities (and two non-trivial values are zero together). And also all the source manifolds have zero signature. This completes the proof. Lemma 7.7. Let Z be a closed (possibly non-orientable) manifold which fibers over S 2 . Then there exists a fold map f z : Z → R 2 such that t(f z ) ≡ 0 mod 2 and
Proof. The proof is completely analogous to the proof of Proposition 7.2. Details are left to the reader. we have non-trivial τ 1 1 -twisting (for the index one singular set), trivial τ 2 1 -twisting (again for the index one singular set) and odd number of twisting for the index zero singular set. So this map also satisfies τ 1 + τ 2 ≡ 0 mod 2.
For the mapφ 1,2k−2,e 2 1 we have non-trivial τ 2 1 -twisting, trivial τ 1 1 -twisting and nontrivial twisting for the index zero singular set (three times non-trivial). So this map also satisfies τ 1 + τ 2 ≡ 0 mod 2.
The other mapsφ j,2k−2,e 1 j (resp.φ j,2k−2,e 2 j ), where j ≥ 2, have non-trivial τ 1 j -twisting and non-trivial τ 1 j−1 -twisting (resp. non-trivial τ 2 j -twisting and non-trivial τ 2 j−1 -twisting) and no other twistings. So they also satisfy τ 1 + τ 2 ≡ 0 mod 2. Now we prove Theorem 6.7.
Proof of Theorem 6.7. Again we use Lemma 7.1 but in a more sophisticated way. By Proposition 8.4 for k ≥ 1, q = 4k − 2 the group Cob(2, q) contains the group
as a direct summand. This direct summand will be denoted by B , so Cob(2, q) ∼ = A ⊕ B for some group A.
For C we choose the group C 2+q (2) and for ψ we choose the homomorphism
Then ψ is surjective because by Remark 2.5 on any stably 1-framed manifold M there is a fold map g into R 2 such that the decomposition T M ⊕ ε 1 M = η M ⊕ ε 2 M induced by g is cobordant to the given stable 1-framing of M .
The homomorphism (ξ 1 , . . . , ξ q/2 ) will play the role of π B . We want to show that (ψ, π B ) is not only injective as Theorem 5.1 says but also surjective. Now, suppose that (ψ, π B ) is not surjective. If we show that im (ψ • ι B ) = Z 2 and this Z 2 is the last Z 2 summand in C 2+q (2) ∼ = N 2|χ 4k ⊕ Z 2 , then by applying case (2) of Lemma 7.1 we get that for k ≥ 1, the group Cob(2, 4k − 2) is isomorphic to
since then the Z 2 summand of C 2+q (2) ∼ = N 2|χ 4k ⊕ Z 2 is factored out by the quotient map q (we keep the notations of Lemma 7.1). This will lead to a contradiction as we will see later, so (ψ, π B ) is surjective and since it was injective, we will get the proof of the statement.
So we show that im (ψ • ι B ) = Z 2 . By Proposition 8.4, similarly to the oriented case, the source manifoldsQ 
where κ is the natural map corresponding to the natural map
and p is the composition (q ⊕ id) • ℑ 2,4k−2 . Note that the arrows ℑ O 2,4k−2 and ℑ 2,4k−2 are injective (and we know already that ℑ O 2,4k−2 is an isomorphism). Take the cobordism class of the map . So if V denotes
in another way. We know that the mapτ is a homomorphism if we restrict it to the image of ι. So if we find elements a 1 , . . . , a l in Cob O (2, 4k − 2) whose ℑ 2,4k−2 • ι-image generates exactly the subspace V of the direct summand Z ι(a 1 )) , . . . ,τ (ι(a l )). The classes of fold maps ϕ j,4k−2,i j , ϕ j,4k−2,e j , which generate the direct summand Z Lemma 7.9. The classes
Proof. This follows from the previous proof and the constructions in Section 8.
Finally, we prove Theorem 6.8.
Proof of Theorem 6.8. We just have to check that all the generators of
satisfy τ 1 + τ 2 ≡ 0 mod 2. The generators represented by the fold mapsφ j,q,g :Q 2+q j,q,g → R 2 , where g runs over the elements of {i j , e 1 j , e 2 j : 1 ≤ j ≤ q/2}, satisfy τ 1 + τ 2 ≡ 0 mod 2 by Lemma 7.8.
By [Br69] every class in N 2|χ 4k fibers over S 2 . Also, by Lemma 7.7 any fold map f z : Z → R 2 where Z fibers over S 2 satisfies τ 1 (f z ) + τ 2 (f z ) ≡ 0 mod 2.
We need one additional generator which gives us the possibility to generate the Z 2 summand of N 2|χ 4k ⊕ Z 2 independently from any other summand. The map
provided by Proposition 7.4 can serve this purpose because the classes
generate exactly the Z 2 ⊕ Z 6k−3 2 part of Cob(2, 4k − 2) by Lemma 7.9. Since this map f C : CP 2k #CP 2k → R 2 also satisfies τ 1 (f ) + τ 2 (f ) ≡ 0 mod 2, we get the result.
Appendix: Morse function bundles over immersions
We recall some results of [Ka08a] and for q ≥ 2 and 1 ≤ j < (q+1)/2 we construct fold maps ϕ j,q of some (2 + q)-dimensional manifolds into R 2 , where ϕ j,q will also depend on some other objects. The cobordism classes of these fold maps ϕ j,q will serve as generators of an important direct summand of the cobordism group Cob O (2, q). We will have the analogous things in the unoriented case as well.
For q ≥ 2 and 1 ≤ j < (q+1)/2, let h j : S q+1 → R be a Morse function of the (q+1)-dimensional sphere onto the closed interval [−ε, ε] with four critical points a, b, c, d ∈ S q+1 of index 0, j − 1, j, q + 1, respectively, such that h j (a) = −ε, h j (b) = −ε/2, h j (c) = 0 and h j (d) = ε. Recall the following result from [Ka08a] . Now for formal reasons let O(1, 0) denote just the group O(1), which is not a very good notation but we will be using it. For convenience, we extend each α j to the other i = j summands of the group Proof. At first, notice that for all 2 ≤ j < (q + 1)/2, since we consider immersions into the plane, the group As before, for convenience, we extend each α j to the other i = j summands of the group 
